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AN ELLIPTIC CONIC BUNDLE IN P4 ARISING
FROM A STABLE RANK-3 VECTOR BUNDLE
Hirotachi Abo, Wolfram Decker, Nobuo Sasakura†
0. Introduction
In this paper we give a cohomological proof for the existence of a new family of smooth
surfaces in P4. In fact, we show:
Theorem 0.1. (i) Let X ⊂ P4 be an elliptic conic bundle with degree d = 8 and sectional
genus pi = 5. Then the ideal sheaf of X arises as a cokernel
0→ 4O(−1)→ G→ JX(3)→ 0,
where G is a rank-5 vector bundle on P4 with Chern-classes
c1 = −1, c2 = 2, c3 = −2 and c4 = −3.
G is isomorphic to the cohomology bundle of a monad
(M) 0→ Ω3(3)
α
→ Ω2(2)⊕ Ω1(1)
β
→ O→ 0,
with
α =
(
e4
e0 ∧ e2 + e1 ∧ e3
)
and
β = ( e0 ∧ e2 + e1 ∧ e3 −e4 ) ,
where e0, . . . , e4 is a basis of the underlying vector space V of P
4. In particular, G is uniquely
determined up to isomorphisms and coordinate transformations.
(ii) Conversely, if G is the cohomology bunndle of the monad (M) as in (i), then G(1)
is globally generated. Therefore the dependancy locus of four general sections of G(1) is a
smooth surface X ⊂ P4. In fact, X is an elliptic conic bundle with invariants as above. 
For a geometric construction of our surfaces we refer to [Ra].
The new surfaces are missing in a series of classification papers. First of all, they are
falsely ruled out in the classification of smooth degree 8 surfaces in P4 by Okonek [Ok2] and,
independently, Ionescu [Io]. As a consequence, they are e.g. also missing in the first version
of two papers which are concerned with the classification of conic bundles in P4 [ES], [BR].
The correct result is:
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Theorem 0.2. [ES], [BR] Let X ⊂ P4 be a smooth surface ruled in conics. Then X is
either rational or an elliptic conic bundle with d = 8 and pi = 5. In the first case X is either
a Del Pezzo surface of degree 4 or a Castelnuovo surface. 
This result is important in the context of adjunction theory [So], [SV], [VdV]. Recall, that
for a smooth surface X ⊂ P4 the adjunction map is defined unless X is a plane or a scroll.
If the adjunction map is defined, then it has a 2-dimensional image unless X is a Del Pezzo
surface or a conic bundle. Therefore the classification of scrolls in P4 [La], [Au] and the
above result imply:
Corollary 0.3. Let X ⊂ P4 be a smooth surface of degree d ≥ 9. Then the adjunction map
is defined and has a 2-dimensional image. 
The new family is one of a few known families of irregular smooth surfaces in P4. In
fact, up to pullbacks via finite covers P4 → P4, our surfaces are the first such surfaces
which do not possess a Heisenberg symmetry (compare [ADHPR]). Moreover, they provide
a counterexample to a conjecture of Ellingsrud and Peskine. According to this conjecture
there should be no irregular m-ruled surface in P4 for m ≥ 2.
We first came across the elliptic conic bundles when studying a stable rank-3 vector
bundle E on P4 with Chern classes
c1 = 4, c2 = 8 and c3 = 8.
E has been found by the stratification theoretical method of the third author (compare [Sa]
for this method). The dependancy locus of two sections of E is a smooth surface of the
desired type. In fact, E is a cokernel
0→ 2O→ G(1)→ E→ 0,
where G is the rank-5 vector bundle from Theorem 0.1.
Our paper is organized as follows: In Section 1 we review Beilinson’s theorem [Bei] in
the context of smooth surfaces in P4. In Section 2 we follow the cohomological approach of
Okonek and find the rank-5 vector bundle G and thus the elliptic conic bundles via Beilinson’s
generalized monads. In Section 3 we take a quick look at the stratification theoretical method
of the third author by studying some examples. In particular, we will construct the rank-3
bundle E and we will explain its relation to the rank-5 bundle G.
The third author, Nobuo Sasakura, died in June 1997. His death has been a great loss to
us.
Acknowledgement. We thank Kristian Ranestad and Frank-Olaf Schreyer for helpful dis-
cussions. The second author is grateful to the Tokyo Metropolitan University and to M.
Maruyama and the Kyoto University for their hospitality. The first author would like to
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Notations 0.4. P4 = P4(x) = P(V ) will be the projective space of lines in a 5-dimensional
C-vector space V and
R = C[x0, . . . , x4] =
⊕
m≥0
SmV ∗
its homogeneous coordinate ring. We write Ωi = ΛiT∗
P4
for the ith bundle of differentials on
P
4. If X is a smooth surface in P4, then we denote by
- H its hyperplane class
- d = H2 its degree
- K = KX its canonical divisor
- pi = 12H (H +K) + 1 its sectional genus
- q = pg − pa its irregularity
- χ = χ(OX) = 1− q + pg the Euler characteristic of its structure sheaf. 
1. Beilinson’s theorem
In this section we review Beilinson’s theorem [Bei] in the context of smooth surfaces in
P4. The general theorem tells us that the derived category of coherent sheaves on Pn is
generated by the twisted bundles of differentials Ωi(i), 0 ≤ i ≤ n. More concretely, every
coherent sheaf on Pn is the cohomology of a certain generalized monad involving bundles of
differentials. In the next section we apply Beilinson’s theorem in order to study our surfaces
in P4 from a cohomological point of view.
Theorem 1.1. [Bei] For any coherent sheaf S on P4 there is a complex K· with
Ki ∼=
⊕
j
Hi+j
(
P
4, S(−j)
)
⊗ Ωj(j),
such that
Hi(K·) =
{
S i = 0
0 i 6= 0 . 
The differentials of K· are given by matrices with entries in the exterior algebra ΛV over
the underlying vector space V of P4:
Remark 1.2. The Koszul complex on P4 = P(V ) is the exact sequence
0← O
κ1← V ∗ ⊗O(−1)
κ2← Λ2V ∗ ⊗O(−2)
κ3← . . .
κ5← Λ5V ∗ ⊗O(−5))← 0,
defined by contraction with the tautological subbundle
O(−1)→ V ⊗ O.
The syzygy bundles of this complex are the bundles of differentials:
(kerκi) ∼= Ω
i, 0 ≤ i ≤ 4
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Via the short exact sequences associated to the Koszul complex we may compute the inter-
mediate cohomology modules of the Ωi:
Hj∗
(
P
4,Ωi
)
∼=
{
C 1 ≤ j = i ≤ 3
0 1 ≤ j 6= i ≤ 3 .
In the same way we obtain for 0 ≤ i, j ≤ 4:
Hom(Ωi(i),Ωj(j)) ∼= Λi−jV,
the isomorphism being defined by contraction. The composition of homomorphisms coincides
with multiplication in ΛV . 
We may therefore express conditions on a coherent sheaf on P(V ) as conditions on certain
matrices with entries in ΛV . For example we need:
Remark 1.3. Let
tΩi(i)
A
→ sΩi−1(i− 1)
be a vector bundle homomorphism, i.e., let A be a s × t-matrix with entries in V . Then a
necessary condition for A to be surjective is: If (a1, . . . , at) is a non-trivial linear combination
of the rows of A, then
dim span(a1, . . . , at) ≥ i+ 1 :
A is surjective iff its dual map is pointwise injective iff
sΛi−1V ∧ x
A
→ tΛiV ∧ x
is injective for any 〈x〉 ∈ P(V ). 
In order to apply Beilinson’s theorem to the ideal sheaf (suitably twisted) of a smooth surface
X ⊂ P4 we need information on the dimensions hiJX(m). First we recall Riemann-Roch:
Proposition 1.4. Let X ⊂ P4 be a smooth surface. Then
χ(JX (m)) = χ(OP4(m))−
(
m+ 1
2
)
d+m(pi − 1)− 1 + q − pg . 
Moreover one knows:
Proposition 1.5. [DES] Let X ⊂ P4 be a smooth, non-general type surface which is not
contained in any cubic hypersurface. Then we have the following table for the hiJX(m):xi
0 0 0 0 0 0
N + 1 pg 0 0 0 0
0 q h2JX(1) h
2JX(2) h
2JX(3) h
2JX(4)
0 0 0 h1JX(2) h
1JX(3) h
1JX(4)
0 0 0 0 0 h0JX(4)
−−→
m
where
N = pi − q + pg − 1 . 
In the sequel we represent a zero in a cohomology table by an empty box.
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2. A monad construction
In this section we show, that every elliptic conic bundle in P4 with d = 8 and pi = 5 is
given as the dependancy locus of four sections in a unique rank-5 vector bundle G(1). We
give a monad construction for G, which conversely provides a proof for the existence of our
surfaces since G(1) is globally generated.
We first mention a classification result concerning the numerical invariants of those sur-
faces we are interested in here. This result is a consequence of generalized Serre correspon-
dence [Ok1, Theorem 2.2] and adjunction theory [So], [SV], [VdV].
Proposition 2.1. [Ok2] Let X ⊂ P4 be a smooth surface with d = 8 and pi = 5. Then
pg = 0 and q ≤ 1. Moreover:
(i) If q = 0, then X is the blow-up of P2 in eleven points,
X = P2(p0, . . . , p10),
embedded by the linear system (with obvious notations)
H = 7L−E0 −
10∑
i=1
2Ei.
(ii) If q = 1, then the adjunction map Φ|K+H| exhibits X as a conic bundle over an elliptic
normal curve C in P3. There are precisely eight singular fibres of Φ|K+H|. These singular
fibres are pairs of (-1)-lines Ei, E˜i with Ei · E˜i = 1.
Proof of (ii). By classification (see [La] and [Au]) X is not a scroll. It follows from [So],
[VdV] that OX(K+H) is spanned, i.e., that the adjunction map is a well-defined morphism
X → PN with N = pi − q + pg − 1 = 3. We have H K = 0 since pi = 5. So we obtain
K2 = −8 and thus (K + H)2 = 0 from the double point formula (cf. [Ha, Appendix A,
4.1.3])
d2 − 10d− 5H K − 2K2 + 12χ = 0.
By [So] Φ|K+H| exhibits X as a conic bundle over a smooth elliptic curve in P
3 of degree
pi − 1 = 4. The singular fibres of Φ|K+H| are pairs of (-1)-lines Ei, E˜i with Ei · E˜i = 1. By
blowing down one irreducible component for each singular fiber we obtain a ruled surface Y
of irregularity q = 1 together with a commutative diagram
X
Φ|K+H| ✲ C ⊂ P3
❩
❩
❩
❩
❩⑦ ✚
✚
✚
✚
✚❃
Y .
By comparing K2X = −8 with K
2
Y = 8(1− q) = 0 we find that Φ has precisely eight singular
fibers. 
The existence of surfaces of type (i) has been verified by Alexander [Al]. Okonek [Ok2]
mistakenly claimed that surfaces X of type (ii) do not exist. Essentially, he claimed that
the generalized monad of Beilinson for the twisted ideal sheaf JX (2) cannot exist. He gave
no argument, however, and in fact such a monad can be easily constructed. It is even more
convenient to apply Beilinson’s theorem to JX(3).
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Proposition 2.2. Let X ⊂ P4 be a smooth surface with d = 8, pi = 5 and q = 1. Then:
(i) JX has the following cohomology table:
xi
4
1 1
1 1
6
−−−−−−→m
In particular, X is cut out by 6 quartics.
(ii) There exists an exact sequence
0→ 4O(−1)→ G→ JX(3)→ 0,
where G is a rank-5 vector bundle on P4 with Chern-classes
c1 = −1, c2 = 2, c3 = −2 and c4 = −3.
G is isomorphic to the cohomology bundle of a monad
(M) 0→ Ω3(3)
α
→ Ω2(2)⊕ Ω1(1)
β
→ O→ 0,
with
α =
(
e4
e0 ∧ e2 + e1 ∧ e3
)
and
β = ( e0 ∧ e2 + e1 ∧ e3 −e4 ) ,
where e0, . . . , e4 is a basis of the underlying vector space V of P
4. In particular, G is uniquely
determined up to isomorphisms and coordinate transformations.
(iii) G has a minimal free resolution of type
0 ← G ← 10O(−1) 4O(−2) O(−3)
տ ⊕ ← ⊕
5O(−3) 4O(−4)
տ
O(−5) ← 0 .
So JX has syzygies of type
0 ← JX ← 6O(−4) 4O(−5) O(−6)
տ ⊕ ← ⊕
5O(−6) 4O(−7)
տ
O(−8) ← 0 .
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Proof. (i) X is a ruled surface by Proposition 2.1, (ii). In particular, X is not of general
type. Moreover, X is not contained in a cubic hypersurface by general classification results
(see [Ro], [Au] and [Ko]). Therefore JX has a cohomology table of type
xi
4
1 1 a ∗ ∗
∗ ∗ ∗
∗
−−−−−−→m
by Proposition 1.5. Beilinson’s theorem applied to JX(2) implies the existence of a surjective
map Ω1(1)→ aO. By Remark 1.3 this is only possible if a = h2JX(2) = 0. Then h
2JX(m) =
0 for every m ≥ 2. In particular, h1JX(2) = h
1JX(3) = 1 by Riemann-Roch. Applying the
same argument again gives h1JX(m) = 0 for every m ≥ 4 and h
0JX(4) = 6.
(ii) The adjoint linear system
H0(OX(K +H)) ∼= Ext
1(JX(3),O(−1)) =: W
has dimension 4 and generates OX(K+H) ∼= ωX(1) (compare the proof of Proposition 2.1).
Therefore the identy in
W ∗ ⊗W ∼= Ext1(JX(3),W
∗ ⊗ O(−1))
defines an extension as in the assertion with a locally free sheaf G. By construction and (i),
G(−3) has the following cohomology table:
xi
1 1
1 1
−−−−−−→m
Beilinson’s theorem implies that G is the cohomology bundle of a monad with bundles of
differentials as in the assertion. Expressing the monad conditions in terms of the exterior
algebra ΛV shows, that, up to isomorphisms, also the arrows of the monad are of the claimed
type (compare Remark 1.2 and Remark 1.3).
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(iii) The kernel K = ker β is a rank-9 bundle which fits into a commutative diagram with
exact rows and columns as follows:
0 0
0 ✲ K
❄
✲ Ω2(2)⊕ Ω1(1)
❄
β ✲ O ✲ 0
||
0 ✲ U ⊗O
❄
✲ (Λ2V ∗ ⊕ Λ1V ∗)⊗O
❄
β ✲ O ✲ 0
(Λ1V ∗ ⊕ Λ0V ∗)⊗O(1)
φ
❄
= (Λ1V ∗ ⊕ Λ0V ∗)⊗O(1)
❄
O(2)
❄
= O(2)
❄
0
❄
0
❄
With respect to suitably chosen bases of U and Λ1V ∗ ⊕ Λ0V ∗ the map φ is given by the
matrix
φ =


x4 0 0 0 x1 x3 0 0 x2 0 0 0 0 0
0 x4 0 0 −x0 0 x2 0 0 x3 0 0 0 0
0 0 x4 0 0 0 −x1 x3 −x0 0 0 0 0 0
0 0 0 x4 0 −x0 0 −x2 0 −x1 0 0 0 0
−x0 −x1 −x2 −x3 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 x4 x4 x0 x1 x2 x3


.
Resolving φ shows that K has syzygies of type
0 ← K ← 15O(−1) 5O(−2) O(−3)
տ ⊕ ← ⊕
5O(−3) 4O(−4)
տ
O(−5) ← 0 .
Comparing with the Koszul resolution of Ω3(3) gives the result. 
Remark 2.3. Conversely, by starting with (M) and G, we obtain a proof for the existence
of smooth surfaces in P4 with d = 8, pi = 5 and q = 1 : Since G(1) is globally generated,
Kleiman’s Bertini-type theorem [Kl] implies that the dependancy locus of 4 general sections
of G(1) is indeed a smooth surface (with invariants as above). 
Remark 2.4. (i) Let X
Φ
→ C be an elliptic conic bundle as above. Ionescu [Io] studied
the union W of the planes of the conics which are the fibres of Φ. He showed, that W is a
quartic hypersurface in P4 which is a cone with vertex a point. The base S of the cone is an
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elliptic ruled quartic surface in P3 with two double lines l1 and l2. The rulings of S form a
divisor of class (2,2) in the P1 × P1 ∼= l1 × l2 of lines joining l1 and l2. Ionescu considered
the cone over a pair of rulings through a point on l1 but overlooked the presence of l2. His
residual quadric at the end of [Io, 6.4] is the double plane over l2.
(ii) The vertex of the cone W is the distinguished point 〈e4〉 in our construction. The
projection from 〈e4〉 maps X 2:1 to S. The conics on X are mapped 2:1 onto the rulings of
S.
Remark 2.5. In the minimal free resolution of G (and thus also of JX) there are two maps
which are given by four linear forms. In fact, for both maps, these forms generate the ideal
of the distinguished point 〈e4〉. 
3. Vector bundles via stratifications
In this section we take a quick look at the approach of the third author to the construction
of vector bundles on Pn. In particular, we construct a stable rank-3 bundle E on P4 such
that the dependancy locus of two general sections of E is an elliptic conic bundle. This
rank-3 bundle was the starting point of our investigations. It is related to the rank-5 bundle
G from Section 2 via an exact sequence
0→ 2O→ G(1)→ E→ 0.
Let E be a rank-r vector bundle on Pn with first Chern class c1. Minimal systems of
generators s1, . . . , sl of H
0
∗E and σ1, . . . , σk of H
0
∗E
∨ give rise to a commutative diagram
L
S
✲ K
❍❍❍❍❍❥ ✟✟
✟✟
✟✯
E
0
✟✯ ❍❥
0 ,
where L and K are direct sums of line bundles of ranks l and k resp. S is a k× l-matrix with
polynomial entries. The entries in the j-th column of S define the zero-scheme Xsj = {sj =
0}. The entries in the i-th row of S define the zero-scheme Xσi = {σi = 0}. Suppose that K
has a direct summand of type rO(m), and let σi1 , . . . , σir be the corresponding elements of
H0∗E
∨. By projecting onto this direct summand we may represent E as a subsheaf of rO(m):
L
T
✲ rO(m)
❍❍❍❍❍❥ ✟✟
✟✟
✟
θ
✯
E
0
✟✯ ❍❥
0 .
In fact, θ is a monomorphism of vector bundles outside the divisor defined by the form
f = σi1 ∧ · · · ∧ σir ∈ H
0(Pn,O((r · m − c1)) ∼= H
0(Pn,ΛrE∨(m)). The j-th column of
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T represents the section tj := H
0(θ)(sj) of rO(m), and we have the relations of forms
tj1 ∧ · · · ∧ tjr = f · (sj1 ∧ · · · ∧ sjr). In order to detect properties of E it is often enough
to study the matrix T . For example, one may verify that E is indeed a vector bundle by
looking at the ideal I generated by the maximal minors of T and by checking that the ideal
quotient (I : f) defines the empty subset of Pn.
Conversely, one can construct vector bundles E on Pn by starting with convenient matrices
T . In the examples below f is of the form (fred)
(r−1), where fred = x0 · . . .·xc1 is a product of
coordinates, and T is of the form T = (T ′ T ′′ ) : L→ rO(c1), where T
′ is the appropriate
identy matrix multiplied by fred. In each example the minimal free resolution of E is obtained
by resolving T (use e.g. Macaulay [BS]).
Example 3.1. The Nullcorrelation bundle E on P3 (compare e.g. [Ba]).
In this case r = 2, c1 = 2, and we may choose f = fred = x0x1 and
T =
(
x0x1 0 x0x3 x1x2 x2x3
0 x0x1 x
2
0 x
2
1 x0x2 + x1x3
)
.
Note that the sections of E∨(2) ∼= E corresponding to the rows of T vanish along the union
of two skew lines and a double line resp. The minimal free resolution of E is of type
0← E ← 5O← 4O(−1)← O(−2)← 0 . 
Example 3.2. The Horrocks-Mumford bundle E on P4 [HM].
In this case r = 2, c1 = 5, and we may choose f = fred = x0x1x2x3x4 and
T = (T0 T1 T2 T3 ) ,
with T0, . . . , T3 as follows:
T0 =
(
γ0 0 γ3 γ4
0 γ0 γ1 γ2
)
,
where γ0, . . . , γ4 are the five Horrocks-Mumford quintics
γ0 = y0y1y2y3y4 γ1 =
∑
i∈Z5
yiy
2
i+2y
2
i+3 γ2 =
∑
i∈Z5
y3i yi+2yi+3
γ3 =
∑
i∈Z5
y3i yi+1yi+4 γ4 =
∑
i∈Z5
yiy
2
i+1y
2
i+4.
The entries of T1, . . . , T3 are sextics:
T1 = (xi+1xi+2xi+3
t(xi+2xi+3xi+4 xi+1x
2
i+4) )i∈Z5 ,
T2 = ( xi+2xi+3xi+4
t(xi+2xi+3xi+4 xi+1x
2
i+4 + xix
2
i+2) )i∈Z5 ,
T3 = ( xi+1xi+3xi+4
t(xi+2x
2
i+3 + xix
2
i+4 xi+1xi+3xi+4) )i∈Z5 .
The zero-schemes of the sections of E are called Horrocks-Mumford surfaces. They are
the minimal abelian surfaces in P4 and the degenerations of these smooth surfaces [HM]
(compare [BHM]). Those sections of E∨(5) ∼= E corresponding to the rows of T vanish along
the unions of five double planes, namely {x2i = x
2
i+2 = xixi+2 = xi+2x
2
i+3 + xix
2
i+4 = 0},
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i ∈ Z5, and {x
2
i = x
2
i+1 = xixi+1 = xi+1x
2
i+4 + xix
2
i+2 = 0}, i ∈ Z5, resp. (compare e.g.
[ADHPR, Section 9] for these degenerations). The minimal free resolution of E is of type
4O
0 ← E ← ⊕
15O(−1)
տ
35O(−2) ← 20O(−3)
տ
2O(−5) ← 0
(compare e.g. [De]). 
Example 3.3. A stable rank-2 reflexive sheaf E on P4 such that E(−3) has Chern classes
c1 = −1, c2 = 9, c3 = 25 and c4 = 50 [ADHPR, Section 7].
In this case r = 2, c1 = 5, and we may choose f = fred = x0x1x2x3x4 and
T = (T0 T1 ) ,
with T0 and T1 as follows:
T0 =
(
γ0 0 γ2 γ4
0 γ0 γ1 γ3
)
,
where γ0, . . . , γ4 are the Horrocks-Mumford quintics from 3.2. The entries of T1 are septics:
T1 = ( xi+1xi+2xi+3xi+4
t(xi+2x
2
i+4 + x
2
i+1xi+3 x
2
i+3xi+4 + xi+1x
2
i+2) )i∈Z5 .
This time E is locally free only outside the union of the 25 Horrocks-Mumford lines (compare
[HM] for these lines). The zero-schemes of the sections of E are non-minimal abelian surfaces
in P4 and the degenerations of these smooth surfaces. They are (5,5)-linked to Horrocks-
Mumford surfaces. The zero-schemes of those sections of E∨(5) ∼= E corresponding to the
rows of T consist of five components, namely {xi = x
2
i+1xi+3 = xi+2x
2
i+4 = 0}, i ∈ Z5, and
{xi = xi+1x
2
i+2 + x
2
i+3xi+4 = 0}, i ∈ Z5, resp. The minimal free resolution of E is of type
4O
0 ← E ← ⊕
5O(−2)
տ
15O(−3) ← 10O(−4) ← 2O(−5)← 0.
Compare [ADHPR, Section 7 and 9]. 
Example 3.4. A stable rank-3 vector bundle E on P4 with Chern classes c1 = 4, c2 = 8 and
c3 = 8.
We choose f = fred = x0x1x2x3 and
T = (T ′ t4 t5 t6 t7 t8 ) ,
with
T ′ =

x0x1x2x3 0 00 x0x1x2x3 0
0 0 x0x1x2x3

 ,
and
t4 = x0x3
t(x24 + x1x3 − x0x2 x2x3 − x0x1 − x0x3) ,
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t5 = x0x1
t(x24 + x1x3 + x0x2 − x0x1 x1x2 − x0x3) ,
t6 = x1x2
t(−x24 + x1x3 − x0x2 x0x1 − x2x3 − x1x2) ,
t7 = x2x3
t(−x24 + x1x3 + x0x2 − x2x3 x0x3 − x1x2) ,
t8 =

 −x
4
4 + x
2
1x
2
3 + x
2
0x
2
2
x24(x0x1 − x2x3)− (x0x1 + x2x3)(x1x3 + x0x2)
(x0x2 − x1x3)(x1x2 + x0x3) + x
2
4(x0x3 − x1x2)

 .
A check on the maximal minors of T shows that E is locally free (use e.g. Macaulay [BS]).
Let X1, X2 and X3 be the zero-schemes of the sections of E
∨(4) corresponding to the rows
of T . Then X1 is the union of four plane quadrics, whereas X2 and X3 are the unions of
four double planes (use e.g. the primary decomposition package of Singular [GPS] to obtain
the explicit equations). The minimal free resolution of E is of type
0 ← E ← 8O 4O(−1) O(−2)
տ ⊕ ← ⊕
5O(−2) 4O(−3)
տ
O(−4) ← 0 .
The minimal free resolution of E∨ is of type
O(−2)
⊕
0 ← E∨ ← 4O(−3) 2O(−4)
⊕ ⊕
8O(−4)
տ
12O(−5) 4O(−6)
⊕
տ
⊕
5O(−6) 8O(−7)
տ
3O(−8)← 0.
In particular, E is stable since the normalized bundle E(−2) and its dual twisted by -1 have
no non-zero sections.
Let (M) be the monad of the rank-5 vector bundle G as in Proposition 2.2. By taking
sections in the display of (M) we identify H0G(1) in terms of the exterior algebra ΛV ∗ as
the kernel
0→ H0G(1)→ Λ1V ∗ ⊕ Λ0V ∗
β
→ V ∗ → 0.
Two general elements of H0G(1) are nowhere dependant. In fact,
σ1 =
(
e0 ∧ e1 + e2 ∧ e3
0
)
and
σ2 =
(
e1 ∧ e2 − e0 ∧ e3
e1 ∧ e2 ∧ e4 − e0 ∧ e3 ∧ e4
)
give rise to an exact sequence
0→ 2O
σ
→ G(1)→ E→ 0.
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This can be easily seen by comparing the syzygies of the cokernel of σ with those of E (use
e.g. Macaulay [BS]). It follows that E(−1) is isomorphic to the cohomology bundle of the
monad
0→ 2O(−1)⊕ Ω3(3)
(σ,α)
−→ Ω2(2)⊕ Ω1(1)
β
−→ O→ 0. 
In each of these examples we have a stratification
Lm0 ⊂ · · · ⊂ L1 ⊂ Pn, m0 = min{n, c1},
where we use the following notations: For any subset I of Zm0 we set LI =
⋂
i∈I Li, where
Li = {xi = 0}, and for any m ∈ Zm0 we write
Lm =
⋃
{LI | I ∈ Pm(Zm0)},
where Pm(Zm0) is the collection of subsets I ⊂ Zm0 whith cardinality | I |= m. One may
use this filtration to find local frames for E in a more systematic way, and to construct a
filtration of sheaves
E0 ∼= rO ⊂ E1 · · · ⊂ Em0 ∼= E,
such that
Em/Em−1 ∼=
⊕
I∈Pm(Zm0 )
OLI (dLI ),
with convenient twists dLI . Via this filtration one can e.g. compute the cohomology of E
(use Cˇech cohomology). We refer to [Sa] and [SEKS] for more details.
References
[ADHPR] Aure, A.B., Decker, W., Hulek, K., Popescu, S., Ranestad, K., Syzygies of abelian and bielliptic
surfaces in P4, Int. J. of Math. (to appear).
[Al] Alexander, J., Surfaces rationelles non-speciales dans P4, Math. Z. 200 (1988), 87–110.
[Au] Aure, A.B., On surfaces in projective 4-space, Thesis, Oslo 1987.
[Ba] Barth, W., Some properties of stable rank-2 vector bundles on Pn, Math. Ann. 226 (1977),
125–150.
[Bei] Beilinson, A., Coherent sheaves on PN and problems of linear algebra, Funct. Anal. Appl. 12
(1978), 214–216.
[BHM] Barth, W., Hulek, K., Moore, R., Degenerations of Horrocks-Mumford surfaces, Math. Ann. 277
(1987), 735–755.
[BR] Braun, R., Ranestad, K., Conic bundles in projective fourspace, to appear.
[BS] Bayer, D., Stillman, M., Macaulay: A system for computation in algebraic geometry and com-
mutative algebra, Source and object code available for Unix and Macintosh computers. Contact
the authors, or download from math.harvard.edu via anonymous ftp.
[De] Decker, W., Monads and cohomology modules of rank 2 vector bundles, Compositio Math. 76
(1990), 7–17.
[ES] Ellia, P.R., Sacchiero, G., Smooth surfaces of P4 ruled in conics, to appear.
[GPS] Greuel, G.-M., Pfister, G., Scho¨nemann, H., Singular Reference Manual, in: Reports On Com-
puter Algebra, number 12. Centre for Computer Algebra, University of Kaiserslautern, May 1997.
http://www.mathematik.uni-kl.de/∼zca/Singular.
[Ha] Hartshorne, R., Algebraic geometry, Springer, Berlin, Heidelberg, New York, Tokyo, 1977.
[HM] Horrocks, G., Mumford, D., A rank 2 vector bundle on P4 with 15,000 symmetries, Topology 12
(1973), 63–81.
14 AN ELLIPTIC CONIC BUNDLE IN P4
[Io] Ionescu, P., Embedded projective varieties of small invariants III, in: Algebraic Geometry (L‘A-
quila 1988), LNM 1417, Springer, Berlin, Heidelberg, New York, Tokyo, 1990, 138–154.
[Kl] Kleiman, S., Geometry on grassmanians and applications to splitting bundles and smoothing
cycles, Publ. Math. I.H.E.S. 36 (1969), 281–297.
[Ko] Koelblen, L., Surfaces de P4 trace´es sur une hypersurface cubique, J. reine und angew. Math.
433 (1992), 113–141.
[La] Lanteri, A., On the existence of scrolls in P4, Lincei-Rend. Sc. fis.mat.e.nat LXIX (1980), 223–
227.
[Ok1] Okonek, C., Reflexive Garben auf P4, Math. Ann. 269 (1982), 211–237.
[Ok2] , Fla¨chen vom Grad 8 im P4, Math. Z. 191 (1986), 207–223.
[Ra] Ranestad, K., A geometric construction of elliptic conic bundles in P4, to appear.
[Ro] Roth, L., On the projective classification of surfaces, Proc. of London Math. Soc. 42 (1937),
142–170.
[Sa] Sasakura, N., A stratification theoretical method of construction of holomorphic vector bundles,
in: Complex analytic singularities, Advanced studies in Pure Mathematics 8 (1987), 527–581.
[SEKS] Sasakura, N., Enta, Y., Kagesawa, M., Sakurai, T., Rank two reflexive sheaves formed from
quadratic residue graph, Tokyo metropolitan university mathematical preprint series 1 (1996).
[So] Sommese, A.J., Hyperplane sections of projective surfaces I. The adjunction mapping, Duke
Math. J. 46 (1979), 377–401.
[SV] Sommese, A.J., Van de Ven, A., On the adjunction mapping, Math. Ann. 278 (1987), 593–603.
[VdV] Van de Ven, A., On the 2-connectedness of very ample divisors on a surface, Duke Math. J. 46
(1979), 403–407.
Hirotachi Abo
Department of Mathematics, Tokyo Metropolitan University, Minami-Ohsawa 1-1, Hachioji-
shi Tokyo, 192-03 Japan
E-mail address: abo@math.metro-u.ac.jp
Wolfram Decker
Fachbereich Mathematik, Universita¨t des Saarlandes, D 66041 Saarbru¨cken, Germany
E-mail address: decker@math.uni-sb.de
